An electromagnetic wave (EMW) interacting with the moving singularity of the charged particle flux undergoes the reflection and absorption as well as frequency change due to Doppler effect and nonlinearity. The singularity corresponding to a caustic in plasma flow with inhomogeneous velocity can arise during the breaking of the finite amplitude Langmuir waves due to nonlinear effects. A systematic analysis of the wave-breaking regimes and caustics formation is presented and the EMW reflection coefficients are calculated.
I. INTRODUCTION
A strong interest has persisted in studying the electromagnetic wave (EMW) interaction with the relativistic electron structures represented by electron beams [1] , Langmuir waves [2, 3, 4, 5, 6] ionization fronts [7] , relativistic solitons and vortices [8] in an underdense plasma, and by the oscillating electron layers at a solid target surface [9, 10, 11] .
The laser produced irradiance approaches 10 22 W/cm 2 [12] , which leads to ultrarelativistic plasma dynamics. By further increasing the irradiance we shall see novel physical regimes such as the radiation friction force dominated EMW-matter interaction [13] . At irradiances around 10 28 W/cm 2 [15] , the focused light becomes so strong that the nonlinear effects come into play, as predicted by quantum electrodynamics, including the vacuum polarization and the electron-positron pair creation from vacuum (see review articles [16] and the liteterature quoted therein). The studies of the EMW interaction with the relativistic structures pave a way towards achieving such the irradiance.
Here we pay the main attention to the "flying mirror" concept [4] (see its further development and discussion in Refs. [14, 16, 17] ). The electromagnetic radiation source suggested in this concept has unique advantages. It is robust since it is based on the fundamental process of wave breaking. It enables the control of the output pulse parameters such as frequency, duration, focusing, spectrum, etc., required by a wide range of applications. It allows so high up-shifting of the laser radiation frequency, followed by focusing to a spot whith size determined by the shortened wavelength, that the quantum electrodynamics critical field (Schwinger limit) can be achieved with present-day laser systems [4] .
In the "flying mirror" concept, extremely high density thin electron shells in the strongly nonlinear plasma wave, generated in the wake of an ultra-short laser pulse, act as semi-transparent mirrors flying with a velocity close to the speed of light, Fig. 1 . The mirrors reflect a counter-propagating pulse, whose frequency is upshifted, duration is shortened and power is increased. The ob-
FIG. 1: (color online)
The "flying mirror" concept. The pulse incident on the moving density cusp is partially reflected. The reflected pulse frequency is upshifted. tained pulse power is proportional to the Lorentz factor γ ph = (1 − β 2 ph ) −1/2 corresponding to the velocity of the mirrors v ph = β ph c while the frequency and the pulse compression are proportional to the square of the Lorentz factor.
A nonlinear wake wave with substantially large amplitude, at which the Lorentz factor of electrons, γ e , is greater than that of the wake wave, γ e > γ ph , breaks and forms cusps in the electron density distribution [19] . It is the steepness of the cusps that affords the efficient reflection of a portion of the counter-propagating laser pulse. If the wake wave is far below the wave-breaking threshold, the reflection is exponentially small. The frequency of the reflected light is upshifted due to the double Doppler effect, as predicted by Einstein [20] . In his paper, the problem of the reflection of light from a mirror moving with constant velocity, v M = cβ M , close to the speed of light, is solved as an example of the use of rel-ativistic transformations. The incident and the reflected wave frequencies, ω 0 and ω r , are related to each other as
where θ 0 is the wave incidence angle. The reflection angle, θ r , is defined by the expression
The wave amplitude transforms according to
where R is the reflection coefficient. The role of the moving mirror is played by a steep cusps of the electron density in the wake wave, therefore we write β M = β ph = v ph /c and γ M = γ ph = 1/ 1 − β 2 ph . The wave propagates in a narrow angle ∆θ ≈ 1/γ M . As a result of the interaction with the moving mirror, the reflected electromagnetic pulse is compressed and its frequency is upshifted by a factor which in an ultrarelativistic limit, γ ph 1, is approximately equal to 4γ 2 M . It is also conceivable that the interaction of the counter-propagating pulse with the thin relativistic electron shell leads to a higher order harmonic generation, according to a mechanism considered in details in Refs. [9, 16] . The harmonics allow additional compression with the factor ∼ 4nγ 2 M , where n is a harmonic number.
It is important that the relativistic dependence of the Langmuir frequency on the wave amplitude results in the formation of wake waves with curved fronts that have a form close to a paraboloid [18] . The paraboloidal mirror focuses the reflected pulse, which results in the intensification of the radiation. In the reference frame moving with the mirror velocity the reflected light has the wavelength equal to ≈ λ 0 /2γ M . It can be focused into the spot with the transverse size λ 0 /2γ M with the intensity in the focus given by
Here I 0 is the incident wave intensity at the pulse waist D. The flying mirror formed by an electron density modulations in the breaking wake wave can also transform the quasistationary electromagnetic field into a highfrequency short electromagnetic pulse [8] , such as a lowfrequency electromagnetic field of a relativistic electromagnetic sub-cycle soliton, quasistatic magnetic field of an electron vortex, and the quasistationary longitudinal electric field of a wake wave.
The "flying mirror" concept was demonstrated in the proof-of-principle experiments [5, 6] , where the narrowband XUV generation was detected. This opens a way for developing a compact tunable coherent monochromatic X-ray source with the parameters required for various applications in biology, medicine, spectroscopy and material sciences [6] .
Reasoning from the principal importance of the nonlinear wake wave dynamics in the "flying mirror" concept, in the present paper we consider a variety of the wake wave breaking regimes. We find typical singularities of the electron density distribution in the breaking wave and calculate their reflection coefficients, R. This provides a key for optimising an operation of the hard electromagnetic radiation source based on the ' 'flying mirror" concept. We describe the EMW interaction with the multiple cusp structure and show the enhancement of the efficiency of the light reflection in this configuration.
II. GENERIC PROPERTIES OF THE WAKE WAVE BREAKING
A. Gradient catastrophe
The wave breaking in collisionless plasmas provides an example of typical behaviour of the waves in nonlinear systems. The most fundamental properties of nonlinear waves can be represented by Riemann waves in gas dynamics (e.g. see Refs. [21, 22] ), described by the equation
where u(x, t) is the gas velocity and w(u) = u + c s (u). The sound speed c s (u) is a given function of u, in a particular case of a cold gas of noninteracting particles it is equal to zero. The solution to Eq. (5) can be written in an implicit form
with U 0 (x) being an atrbitrary function deternmined by the initial condition: u(x)| t=0 = U 0 (x). In a finite time the Riemann wave breaks at the location where the gradient of the function u(x, t) becomes infinite. Taking the derivative of the expression (6) with respect to x, we obtain
Here U 0 and w stand for the derivatives of the functions U 0 and w with respect to their arguments. For nontrivial dependences of U 0 (x) and c s (u), we find that the denominator in Eq. (7) vanishes at some point x br , i. e. the gradient u(x, t) tends to infinity, at time t br equal to t br = −1/U 0 (x br − w(u)t br )w (u) while the gas velocity u br = U 0 (x br − w (u br )t br ) remains constant. This phenomenon is known as the "gradient catastrophe" or the "wave breaking". Another approach for description of the wave breaking uses a perturbation theory [22] to find the solution to the equation (5) . We write
with ε 1. We assume that in zeroth order the wave amplitude is homogeneous with the velocity, u (0) , constant in space and time. To the first order in the wave amplitude, we have
This is the simplest wave equation which describes the wave with the frequency and wavenumber related to each other via the dispersion equation ω = kw(u (0) ). Thus we obtain the wave propagating in nondispersive media where both the phase velocity, ω/k, and the group velocity, ∂ω/∂k, are equal to w(u (0) ). The solution to Eq. (9) is an arbitrary function of the variable x − w 0 t, where w 0 = w(u (0) ). We choose it in the form
To the second order in the wave amplitude, we obtain
describes the second harmonic with the resonant growth of the amplitude in time.
To the third order in the wave amplitude, we can find that, in general, the amplitude of the the third harmonic grows with time as t 2 , and so on. In the media without dispersion high harmonics are always in resonance with the first harmonic. The resonance between harmonics appears because of the fact that the velocity of propagation is the same for all harmonics; it does not depend on the wave number. This leads to the increase of the velocity gradient (the wave steepenning) linearly with time and to the break of even weak but finite amplitude wave.
The situation with the nonlinear Langmuir wave breaking is different. For simplicity we assume that the wave amplitude is nonrelativistic and the ions are immobile. We cast the equations of the electron fluid motion and the electric field induced in the plasma in the form
Here n 0 (εx) with ε 1 is the ion density which is assumed to be weakly inhomogeneous. Although with the use of the Lagrange coordinates a solution to Eqs. (13, 14) can be reduced to quadratures, we use a perturbation approach in order to analyse whether or not the high harmonics are in resonance with the first harmonic in the case of nonlinear Langmuir waves. We expand v(x, t), E(x, t), and n 0 (εx) into series:
In first order from Eqs (13, 14) we obtain the equations
with the solution
where ω pe = 4πn 0 (0)e 2 /m e is the Langmuir frequency. The second order in the wave amplitude yields
We obtain for v (2) and E
As we see, in the homogeneous plasma, n 0 = const, there is no a resonance between the modes in the Langmuir wave, in contrast to the Riemann waves considered above. This is due to the difference between the group and the phase velocity of the Langmuir wave: its group velocity in the cold plasma is equal to zero while the phase velocity is finite and is given by the relation v ph = ω pe /k. The Langmuir wave break occurs if the wave is excited with such a strong amplitude, v 0 , that v 0 > v ph , out of the applicability of the approximation used in Eqs. (13, 14) . As seen in Eqs. (22, 23) , the breaking occurs also in inhomogeous plasma, where due to the phase mixing effect the wavenumber, k, grows with time [23] .
B. Structure of the Breaking Relativistic Wake Wave
In the particular application for the light intensification [4] , the characteristic features of the electron density modulations play the key role in the calculating the EMW reflection coefficient.
Wake wave breaking in the relativistic electron beam
We start a discussion of the nonlinear wake wave from the consideration of nonlinear perturbations produced by the laser pulse in the relativistic electron beam. We neglect the space charge effect assuming that the laser pulse -beam interaction can be described in the test particle approximation. The equation for the electron momentum reads
Here the longitudinal component of the electron velocity, v, along the laser pulse propagation direction, is related to the longitudinal component of the electron momentum
is the Lorentzfactor and a = eE 0 /m e ω 0 c is the normalized electric field of the EMW. We assume that the EMW is circularly polarized and depends on the coordinate and time as a(x − v ph t). The phase velocity of the wake, v ph , equals the laser pulse group velocity, [26, 27, 29] . We note that the EMW group velocity, in general, is below the speed of light in vacuum if the laser pulse propagates inside a waveguide, in a plasma, or/and in the focus region (e.g. see Ref. [30] ). Introducing a new variable
we find the integral of Eq. (24) γ
This integral plays a role of the Hamiltonian in terms of variables X and p, Fig. 2 . with h being a constant and β ph = v ph /c. If the laser pulse is of a finite duration and the electron momentum is p 0 before the interaction with the laser pulse, then the constant h is given by the
When the electron is interacting with the laser pulse its velocity is given by the expression
The solution of the continuity equation, gives for the electron density n = n 0 (v ph − v 0 )/(v ph − v), which is equivalent to
Here v 0 = cp 0 /(m e ch + β ph p 0 ) and
At the point X = X br , where the denominator in Eq. (29) vanishes, i.e. the electron velocity becomes equal to the phase velocity v ph , the electron density tends to infinity. This corresponds to the breaking of the wave induced by the laser pulse in the electron beam. The threshold corresponding to the lowest amplitude of the laser pulse, at which the pulse piles up the particles towars the infinite density, is determined by the expression
In the phase plane of the Hamiltonian system described by Eq. (26), the breaking corresponds to X-points and to vertical tangents of the contours of the Hamiltonian, Fig. 2 .
First, we consider the case when the condition (31) is satisfied precisely at the maximum of the laser pulse amplitude, a max = a(X br ). In the vicinty of the maximum, the amplitude can be represented by the expansion
where ∆X = X − X br → 0, thus for the electron density, velocity and momentum we obtain
and
respectively. Herē
. The electron motion leading to a pile-up and their density increase is shown in Fig. 3 . We note that the singularity in the electron density distribution (33) is not integrable. The integral
Formally it takes an infinite time in order to form the singularity. Behavior of the electron density in the vicinity of the breaking point can be described by using the continuity equation (28) , the motion integral (26) and the expansion (32) . The electron displacement is described by the equation
where a dot stands for the total derivative with respect to time. For the initial condition ∆X| t=0 = ∆X 0 the solution is
where τ =h/(1 − β 2 ph )c a(X br )a (X br ) is the singularity pile-up time.
The electron density n = n 0 |∆X 0 /∆X| at the breaking point grows exponentially: n = n 0 exp(t/τ ). Its growth saturates due to a finite number of the electrons in the beam or/and due to the space charge effect. The case when the space charge effect is taken into account is discussed in the next subsection. For a finite number of the particles, the density distribution asimptotically in time can be approximated by where δ(x) is the Dirac delta function, and l b is the initial length of the bunch.
Apparently, no break occurs for the phase velocity equal to the speed of light in vacuum because the electron velocity is always less than c. In this limiting case, β ph = 1, we have h = γ 0 − p 0 /m e c. The electron Lorentz gamma factor, γ 0 , the momentum, p 0 , and the velocity, v 0 , before the interaction with the laser pulse can be written via the constant h as
. Inside the laser pulse the electron acquires γ = γ 0 + a 2 (X)/2h, p = p 0 +m e c a 2 (X)/2h, and the electron density becomes equal to
We see that for the finite amplitude laser pulse the electron density remains to be finite. Now we consider the case when the laser pulse amplitude is larger than the threshold determined by the condition (31), a max >h 2 − 1. In this case the breaking occurs at the slope of the laser pulse envelope, where the function a(X) has the expansion
The local profile of the electron density in the vicinity of the point X = X br is described by
Here χ(x) is the unit-step Heviside function (χ(x) = 0 for x < 0 and χ(x) = 1 for x > 0 ) and
At the breaking point the electron momentum becomes equal to p 1/2 = β phh / 1 − β 2 ph . The particle bounces at this point, starting to move in the same direction as the laser pulse. Its velocity increases from v ph at X = X br to
for X → ∞. Asymptotically, the electron density in the reflected beam tends to
If the particles are at the rest before interacting with the laser pulse, i.e. h = 1 andh = 1/ 1 − β 2 ph , then the density in the reflected beam is equal to n 0 (1 + β 2 ph )/(1 − β 2 ph ). The electron motion demonstrating a bounce of electrons in the ponderomotive potential of the laser pulse and the corresponding compression of the density, as well as the electron pile-up at the breaking point, is shown in Fig. 4 .
According to Eq. (31) the breaking coordinate depends on the initial electron momentum. For the electron beam with some energy spread it results in a non-trivial electron density distribution in the vicinity of the singularity. We can easily obtain
with f (p 0 ) being the distribution function normalized on unity:
f (p)dp = 1. We assume that the distribution function is given by the "water bag" model, i.e. f (p 0 ) = χ(p 0,T − |p 0 |)/2p 0,T , with p 0,T /m e c β ph . Integration in the right hand-side of Eq. (46) yields The above consideration is carried out within the framework of the test particle approximation, i.e. neglecting the space charge effect, applicable when the electron density is low enough. We note that the space charge effects are negligible in the electron-positron plasmas because the electron and positron has equal absolute walues of the charge and mass.
Another important case when one can neglect the space charge effects is the limit of extremely high EMW intensity in the so-called "radiation pressure dominated regime" (for details see Refs. [13, 24, 25] ) briefly considered in Appendix A.
The plasma wake wave breaking
Here we discuss the generic properties of the breaking of the Langmuir waves in plasmas. We shall consider the case when the wake wave is excited by a high intensity laser pulse [26, 27, 28] . This consideration is relevant to the breaking of the wake wave excited by the ultrarelativistic electron bunch [31] . Within the framework of one-dimensional approximation, the relativistic Langmuir wave excitation by the electromagnetic wave can be described by the equation for the electron momentum, p,
In contrast to Eq. (24), it incorporates the space charge effects via the term with the electric field, E, for which we have the equation
Left in a plasma behind a finite width laser pulse, the Langmuir wave has the period T wf = 2π/ω pe = m e /2ne 2 , in the limit of small amplitude, p m /m e c → 0. In the opposite limit of a large amplitude, p m /m e c 1, the wake wave period is T wf = 4 2p m /m e c/ω pe . Here the maximum wave amplitude, p m , is related to the laser pulse amplitude as p m = m e ca 2 /2. Therefore, the wakefield wavelength λ wf ≈ cT ∝ a is proportional to the laser pulse amplitude.
For the laser pulse propagating with constant phase velocity v ph , we seek a solution of Eqs. (48, 49) in the form of a progressive wave, when the solution depends on the variables t and x in the combination (25) . As a result we obtain the ordinary differential equation
where the prime denotes a derivative with respect to X. For piecewise-constant profiles of a(X), a solution of Eq. (50) can be expressed in terms of elliptic integrals. Here we analyze the solutions of this equation in the vicinity of the singularity. The right hand side of Eq. (50) becomes singular when the denominator, γm e v ph − p, tends to zero, i.e when the electron velocity v becomes equal to the pase velocity of the wake wave, v ph . In the stationary wake wave, the singularity is reached at the maximum value of the electron velocity, v m = p m /γ m m e , at X = X m . This singularity, called also the "gradient catastrophe", corresponds to the wave breaking. In other words, the Langmuir wave breaks when the electric field E wf is above the AkhiezerPolovin electric field E A−P = (m e ω pe c/e) 2(γ ph − 1) with γ ph = 1/ 1 − β 2 ph , which means that the electron displacement inside the wave becomes equal to or larger than the wavelength of the wake plasma wave (see Ref. [19] ).
In order to find the singularity structure we expand the electron momentum, p, and the Lorentz factor, γ, in the vicinity of their maximum, ∆X = X − X m → 0. The momentum is represented by
with
and |δp/p m | 1. Here a m = a(X m ). Keeping the main terms of expansions over δp in both sides of Eq. (50), we obtain
Multiplying the leftand right-hand sides of Eq. (53) on (δp 2 ) and integrating over X, we obtain
where f is an integration constant. We note that since Eq. (53) has singularity due to the initial condition δp| ∆X=0 = 0, in principle, one can choose different values for the integration constant in different intervals with boundary ∆X = 0, i. e. f = f − in the interval ∆X < 0 and f = f + = f − for ∆X > 0. The behavior of the function δp(X) at the singularity is different depending on the behaviour of the product δpδp at δp → 0.
If the product δpδp is finite and nonzero for δp → 0, then the main term in the expansion of the solution of Eq. (54) at ∆X → 0 is δp = −m e c 2f |∆X|.
Using this expression we find the electron velocity:
The electron density, n(X), is given by the solution to the continuity equation (28) . In the vicinity of the singularity it reads
If at δp → 0, δpδp → 0, which means f = 0, then the main term in the expansion of the solution of Eq. (54) at ∆X → 0 reads
For the electron velocity we obtain
In the vicinity of the singularity the electron density distribution is given by
We found three types of the singularity which appears in the electron density due to wave breaking. In each case the singularity corresponds to the caustic in the plasma flow with inhomogeneous velocity. General description evoking geometric properties of the hydrodynamic flow, presented in Appendix B, shows that the electron density singularity can be approximated by the dependence n(X) ∝ (X − X m ) −α with 1/2 ≤ α < 1.
III. ELECTROMAGNETIC WAVE REFLECTION AT THE CREST OF THE BREAKING WAKE
As we discussed in Introduction, the "flying mirror" concept proposed in Ref. [4] makes use of the wave breaking occuring in wake waves generated in a subcritical plasma by an ultrashort laser pulse (further called "driver"). In a strongly nonlinear wake wave, the electron density is modulated in such a way that the electrons form relatively thin layers moving with the velocity v ph . A counter-propagating laser pulse (called "signal") interacts with the plasma, perturbed by the driver. Under certain conditions, the signal is partially reflected from the wake wave, which thereby plays the role of a relativistic mirror. As the wake wave amplitude approaches the threshold for wave breaking (i.e., when the electron velocity in the wave approaches its wave phase velocity), the electric field profile in the wave steepens and, correspondingly, the singularity is formed in the electron density profile. It is important that the singularity affords partial reflection of the signal with some reflection coefficient R. As shown in Appendix B, in general, the singularity can be represented as n(X) ∝ (X − X m ) −α , 1/2 ≤ α < 1. Although the singularity is integrable for α < 1, it breaks the geometric optics approximation and leads to the efficient reflection of a portion of the radiation accompanied by the upshifting of the frequency of the reflected pulse. When α → 1, the modulation of the electron density is so strong that the reflection coefficient becomes to be of the order of unity.
In order to calculate the reflection coefficient, we consider the interaction of an electromagnetic wave, representing the signal, with a singularity of the electron density formed in a breaking Langmuir wave. The electromagnetic wave, given by the z-component of the vector potential A z (x, y, t), is described by the wave equation
where ω 2 pe (X) = 4πe 2 n(X)/m e γ and the electron Lorentz factor, γ, is equal to γ ph at the point where the density, n(X), is maximum.
A. The case n(X) ∝ X −α with α < 1
Here we consider the general case of the singularity formed in the electron density at the point of the wake wave breaking, which is defined by
where G α = const is the dimensionless constant, 1/2 ≤ α < 1.
In the boosted reference frame, moving with the phase velocity of the Langmuir wave, the equation (61) takes the form
Here
and ζ = (x − v ph t)γ ph , t , k , ω are the coordinates and time and the wave vector and frequency in the boosted frame. According to Eqs. (60), (65), the coefficient g α for α = 2/3 is equal to
i.e. G 2/3 = (2/9) 1/3 (1 + a 2 m ) 1/6 γ ph . WKB-approximation gives asymptotic solutions of Eq. (63) for large |s| and |ζ|
where τ and ρ are constant. We are interested in solutions such that for ζ → +∞, τ represents the amplitude of the incident wave (assumed to be equal to 1) and ρ is the reflected wave amplitude, while in the opposite limit, ζ → −∞, τ stands for the transmitted wave and ρ vanishes. Consequently, we write:
where we assume that the reflection is small,
We multiply Eq. (63) by da(ζ)/dζ, integrate it over ζ and obtain
According to Eq. (68), at large |s| and |ζ| we have
Using Eq. (71), (72), we obtain
Where the main term in the integrand in the right hand side of Eq. (76) for large s is
This approximation fails in an interval around ζ = 0. The interval size decreases at large s and small g α thus the intergration over this interval yields negligibly small contribution to the reflection coefficient. Neglecting s −1 -term in the exponent in Eq. (77), we obtain
where Γ is the Gamma function [33] . For α = 1/2, this coefficient is
For α = 2/3, this coefficient is
For α → 1 and fixed s and g α , the main term in the expansion of the coefficient (78) 
The above used approximation implies a smallness of the relection coefficient compared to unity, i.e. the condition s (1 − α) −1 must be fulfilled. In the case α = 1, which requires special consideration, this condition can not be satisfied. The case α = 1 is analysed below.
B. The case n(X) ∝ X −1
Here we consider the problem of EMW reflection at the following electron density profile
Since this singularity is non-integrable, the thin layer approximation is not applicable. As stated above, this profile formally requires an infinite number of electrons and its formation takes an infinite time. We use the standard matching technique. Substituting α = 1 to Eq. (63) we obtain the equation
where ζ is the coordinate in the boosted frame of reference and g 1 is defined by Eqs. (65. The solution to this equation can be expressed in terms of the confluent hypergeometric functions of the first, M (a, b, z), and the second kind, U (a, b, z), also known as the Kummer's function of the first and second kind [33] :
in the region ζ > 0 and
for the negative coordinate ζ < 0. These functions should be equal to each other at ζ = 0 for all s, i.e.
which entails c
. The derivatives of a + (ζ) and a − (t) with respect to ζ should differ at ζ = 0 for all s by
It yields
is real monotonously growing function for g 1 > 0 and s > 0, γ E−M = 0.577... is the Euler-Mascheroni constant and ψ(z) is the digamma function [33] .
The series expansions of both the branches, (83) and (84), at ζ → ±∞ contain the terms proportional to exp (isζ) and exp (−isζ). The positive exponent corresponds to the incident and transmitted wave, while the negative exponent -to the reflected wave. Obviously there is no reflected wave behind the singularity at ζ → −∞, i.e. the term in a − (ζ) proportional to exp (−isζ) should vanish. As a result we find a relationship between c + 2 and c
Now we can find the amplitudes of the reflected, ρ, and transmitted, τ , waves as the ratios of the reflected-toincident and transmitted-to-incident waves, respectively:
The reflection coefficient is
the transmission coefficient is
We note that for the density profile n ∝ |ζ| −1 the sum of the reflection and transmission coefficients is less than one, R 1 + T 1 = |ρ| 2 + |τ | 2 < 1. This corresponds to a partial absorbtion of the wave energy in the region of the singularity, similarly to the case n ∝ ζ −1 anylized in Refs. [34] and [35] . The dependence of the reflection, transmission and absorption, A 1 = 1 − R 1 − T 1 , coefficients on the wave number, s, is shown on Fig. 5 .
IV. LASER PULSE INTERACTION WITH MULTIPLE RELATIVISTIC MIRRORS
A number of the photons reflected at the semitransparent mirror depends on the regime of nonlinear wake wave breaking. In Refs. [3, 6, 14, 16] and above it is shown that although the reflection coefficient is small, it is not exponentially smal. For example, in the case of typical singularity with n(X) ∝ X −2/3 the reflection coefficient in the boosted frame of reference is R ≈ 1/2γ There is a way to increase the number of reflected photons by using multiple wake wave periods with the electron density singularity in each period. Such the configuration is typically formed behind the ultrashort laser pulse in the underdense plasma. It is easy to show that when the pulse interacts with a train of wake waves, the number of reflected photons is given by the sum
(93) Here N w is a number of the wake wave periods. Then the energy of the reflected electromagnetic radiation is
In the limit RN w 1, we have N r,ph ≈ N s,ph RN w , with the reflected electromagnetic energy given by
In the limit N w → ∞, the reflected back energy equals to
We see that the energy of the reflected pulse can be many times greater than that of the incident pulse. The energy gain is due to the momentum transfer from the wake wave to the reflected radiation. Under conditions which are expected to be realized in a moderate intensity laser -gas target interaction, the plasma inhomogeneity can play an important role. If the driver pulse normalized amplitude, a = eE/m e ωc, is not large enough to excite the breaking wake wave, i.e. a 2 < 2γ ph , the wave reaches the breaking threshold due to growth of its wave number. As well known, the Langmuir waves belong to a class of the waves with continuous frequiency spectrum. In inhomogeneous medium the wave vector, k p , and wave frequency, ω p , are related to each other via the equation
The frequency dependence on the coordinates can also be due its dependence on the wave amplitude in the case of transversally inhomogeneous laser pulse driver, which is typical for the laser plasma interaction. As a result, the wake wave breaks when ω p /|k p | ≈ v e , i.e. when the wave phase velocity, ω p /|k p |, becomes equal to the electron quiver velocity v e (for details see Refs. [23] ). In this regime the breaking wake wave gamma factor, γ ph , is determined not by the plasma density, but by the driver laser pulse amplitude, and it is equal to γ e .
V. CONCLUSION
The plasma wave breaking leads to the formation of moving caustics in the plasma flow, which correspond to singularities of the particles distribution in the phase space. The singularity structure depends of the breaking conditions determined by the parameters of plasma and the driver laser pulse which excites the plasma wave. We found the structure of typical singularities appearing in the plasma particle density during the wave breaking. The singularity in the electron density, moving along with the wake wave, acts as a flying relativistic mirror for the counter-propagating electromagnetic radiation, reflecting the light and up-shifting its frequency. Such the reflection results in generation of an ultra-intense electromagnetic radiation. We found the coefficients of the reflection of an electromagnetic wave at the singularities (crests) of the electron density piled up in the most typical regimes of strongly nonlinear wave breaking in collisionless plasmas. Although the reflection coefficients are small, they are not exponentially small, as it is usual in the geometricoptic approximation of the over-barrier reflection from the electron density modulations, applicable for the wake wave far below the breaking threshold. The efficiency of the photon reflection can be substatially increased by using the regimes providing high order sigularity formation (see Eq. (78) or by realizing the laser pulse reflection from several subsequent density singularities, which can be naturally produced in the long enough wake wave. We show that in the multiple-mirror configuration, the energy of the counter-propagating laser pulse reflected back and pumped by the wake wave can be increased by the factor of 4γ 2 M . This paves a way towards producing high efficiency compact sources of hard electromagnetic radiation.
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